Abstract. The asymptotic solution of the initial value problem for Maxwell's equations in the highfrequency limit is applied to the derivation and discussion of the main radiative energy transport models. Particularly, the form of the radiative transfer equation relevant to non-stationary plasmas is addressed.
INTRODUCTION AND MATHEMATICAL SETTING
In addition to its relevance as a problem in mathematical physics [1] , the precise derivation of radiative energy transport models is useful whenever phenomenological derivations yield unclear results. This is the case when plasma parameters depend on time, and two different forms of the radiative transfer equation exist in literature, one reported by Bekefi [2] , cf. also [3] , and the other one reported by Stix [4] , cf. also [5] .
We address the derivation and the rigorous justification of transport models for the wave energy density carried by a random spectrum of oscillatory waves in the high frequency limit. The main tool of the analysis is the semiclassical calculus of pseudodifferential operators and oscillatory integrals on the lines of a previous work [6] , with the semiclassical parameter ε = λ /L → 0, λ being the typical wave-length of the oscillatory waves and L being the typical scale length of the parameters of the plasma (let us recall that, roughly speaking, a pseudodifferential operator is an integral operator with a kernel that can be written as the Fourier transform of a tensor, called symbol of the operator, such as the plasma dielectric tensor). The presentation is rather formal and some mathematical results will be given without proof.
The equation for the wave electric field in a non-uniform dispersive medium can be written in the abstract form
where P ε is a matrix of pseudodifferential operators acting on the normalized wave electric field u ε , and f ε represents embedded sources accounting for various emission processes [5] ; here, t and x = (x 1 , x 2 , x 3 ) denote time and spatial position normalized to the typical scales of time-and space-variation of the plasma. We recall that the Weyl symbol map [1, 7] relates the operator P ε to its Weyl symbol p ε which reads,
where τ, ξ are dual coordinates to t, x; the space spanned by (t, x, τ, ξ ) is the extended wave phase space. The leading order term p 0 (t, x, τ, ξ ) is just the local dispersion tensor which, in particular, depends on the Hermitian part of the local plasma dielectric tensor.
As customary for WKB analysis, we make the following assumptions.
H1. The waves are weakly absorbed, i.e., the dispersion tensor p 0 is Hermitian. H2. No mode conversion occurs, i.e., the eigenvalues λ i of p 0 are distinct, in the sense that |λ i − λ j | ≥ C > 0 uniformly for some strictly-positive constant C. H3. Weakly driven medium, i.e., f ε = ε f ε 1 . Assumption H1, in particular, does not imply that absorption is totally disregarded as p 1 accounts for the O(ε) anti-Hermitian part of the plasma local dielectric tensor.
According to Littlejohn and Flynn [7] , under the foregoing hypotheses normal modes of the plasma can be readily singled out, and (1) can be reduced to a set of independent scalar equations for the field carried by each mode. Specifically, one looks for an elliptic semiclassical pseudodifferential operator R ε such
whereP ε is a diagonal matrix of pseudodifferential operators (to be determined). If such an operator exists, then the components of the transformed field (R ε ) −1 u ε are decoupled and can be referred to as eigenmodes. This is done iteratively by making use of the Weyl symbol map which turns the composition of operators into the semiclassical MoyalWeyl star product ( * ε ) of their symbols; explicitly, a * ε b = ab + 
Sincep 1 must be diagonal, we can determine the off-diagonal terms of b 1 from the off-diagonal terms of the equation; with this aim, assumption H2 is crucial. Then, the diagonal terms determine uniquelyp 1 . Iteration gives the symbol r ε to the required accuracy in ε. As a consequence, the l-th eigenmode satisfies
where , l) entry of the matrixP ε . The solution of such an equation is written in terms of oscillatory integrals, namely,
where the auxiliary variable α is the normalized wave-vector at the initial time t = 0 and v ε 0,l (α) are the initial spectra of each mode; bothv ε 0,l and b ε l are O(1) for ε → 0. The phase ϕ l is a solution of the relevant eikonal equation λ l (t, x, dϕ l ) = 0, which takes the form of a Hamilton-Jacobi equation
The amplitudes a l (t, x, α) and b ε l (t, x, α) represent the evolution of the initial spectra and the field driven by the sources, respectively. The construction of the non-driven field follows the lines of the standard semiclassical calculus: a l satisfies the standard geometrical optics transport equation,
, and with initial condition a l (0, x, α) = 1. On the other hand, the treatment of the driven field is novel and constitutes a main result of this work. The substitution of (5) into (4) shows that b ε l must be a solution of the inhomogeneous form of (6) with the source term G 
Equation (7) is just the representation of the source term on the basis of the WKB wavelets e i ε ϕ l (t,x,α) labelled by α, [6] . Let us also note that condition H3 is unavoidable asP ll v ε l is at least O(ε). One finds G 
